Superconducting crossed correlations in ferromagnets: 
implications for thermodynamics and quantum transport 
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It is demonstrated that non local Cooper pairs can propagate in ferromagnetic electrodes having 
an opposite spin orientation. In the presence of such crossed correlations, the superconducting gap 
is found to depend explicitly on the relative orientation of the ferromagnetic electrodes. Non local 
Cooper pairs can in principle be probed with dc-transport. With two ferromagnetic electrodes, we 
propose a "quantum switch" that can be used to detect correlated pairs of electrons. With three or 
more ferromagnetic electrodes, the Cooper pair-like state is a linear superposition of Cooper pairs 
which could be detected in dc-transport. The effect also induces an enhancement of the ferromagnetic 
proximity effect on the basis of crossed superconducting correlations propagating along domain walls. 
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Ferromagnetism and superconductivity are antagonist 
correlated states of matter. In ferromagnetism, one spin 
population is favored because of spin symmetry break- 
ing, while in s-wave superconductivity, electrons with an 
opposite spin are bound into Cooper pairs because of 
the attractive electron-electron interaction. It has been 
a long standing problem to determine to what extend 
these two orders can coexist in the same system. As first 
proposed 40 years ago by Anderson and Suhl, the co- 
existence is possible if the ferromagnet acquires a cryp- 
tomagnetic Q, or cryptomagnetic-like Q domain struc- 
ture. On the other hand, in superconductor / ferromag- 
net heterostructures, a Cooper pair penetrating into a 
single domain ferromagnet acquires a finite kinetic energy 
due to the coupling to the exchange field. This results in 
a spatial oscillation of the induced superconducting or- 
der parameter |!^-|(|, giving rise to the so-called 7r-statc, 
which has been probed recently in two experiments . 
In this Letter, we consider Cooper pair penetration in a 
multi domain ferromagnet. It has been already shown 
theoretically that crossed Andreev reflections can arise 
in a hctcrostructurc in which two ferromagnets with an 
opposite spin orientation arc connected to a superconduc- 
tor 0] . Such Andreev reflections do not exist when a sin- 
gle domain ferromagnet is in contact with a superconduc- 
tor |i"(i|-|T^]. We demonstrate here that quasi long range 
superconducting correlations can propagate in two mag- 
netic domains with an opposite magnetization. These 
correlations correspond to non local Cooper pair-like ob- 
jects in which the spin-up (down) electron propagates in 
a spin-up (down) ferromagnetic domain. 

This implies several consequences that may be tested 
in future experiments. First, considering the problem 
from the point of view of a superconductor order param- 
eter coupled to a ferromagnetic environment, we show 



that the transition temperature of the superconductor 
depends explicitly on the relative spin orientations of the 
electrodes. The superconducting gap is smaller when the 
electrodes are misoriented. 

The second implication of the model is that ferro- 
magnetic domain walls can propagate superconducting 
crossed correlations, in which the two electrons making 
a Cooper pair reside in neighboring magnetic domains. 
This may apply to explain the enhancement of the prox- 
imity effect observed in ferromagnet / superconductor 
heterostructures [^3|-|l6|. 

The third implication of the model is related to the pro- 
duction and measurement of linear superpositions of non 
local Cooper pairs. It was stressed by Einstein, Podol- 
sky and Rosen (EPR) in 1935 Jl7| that non locality was a 
deep feature of quantum mechanics. Non locality |18) has 
been probed experimentally with photons Con- 
densed matter systems provide maybe the opportunity to 
fabricate entangled states with electrons, being massive 
particles, and to fabricate quantum bits, which would 
be the building blocks of a quantum computer B4[ . 
Two proposals have been made recently: one is based on 
tunneling in a double quantum dot pq] , and the other 
is based on noise correlations of Cooper pairs emitted 
in a beam splitter |^6j. We show that superconducting 
crossed correlations in ferromagnets provide a possibil- 
ity to manipulate linear superpositions of Cooper pairs. 
With two ferromagnetic electrodes, we propose a "quan- 
tum switch" device that can be used to detect correlated 
pairs of electrons. Linear superpositions can be obtained 
with three or more ferromagnetic electrodes, and can be 
probed in a dc-transport. 

Let us now consider a microscopic model in which 
a superconductor is connected to external electrodes. 
The superconductor is represented by the single site ef- 
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fective Nambu Green's function |27|] g R ' A (oS) = g{us ± 
+ f(uj±ir])a x , with g(u>) = — Tip^u/v* A 2 — u> 2 , and 
f(uj) = it pn A/V A 2 — w 2 , and where p^r, having the di- 
mension of an inverse energy, is the normal state density 
of states, I is the 2x2 identity matrix, and a x a Pauli ma- 
trix. We assume that N ferromagnetic electrodes are in 
contact with the superconductor (see Fig. |l| (a)), with a 
hopping Hamiltonian W = X) fc=1 [ c t k c x + c+c afe ]. 
The electrode k having a spin polarization P k — (pk,i — 
Pk,i)/(Pk,l + Pk.i) is represented by the Green's function 
g A ' R = ±in [p fe>t (7 + a z )/2 + Pk>l {I - a z )/2~\ . We use a 
perturbation theory in the tunnel amplitude W, which 
we sum up to infinite order j27|,|2£|. The Dyson equation 
takes the form 
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where t ak>x is the Nambu representation of the tun- 
nel matrix element: t ak , x — t ak _ x a z . The relevant pa- 
rameters appear to be the spectral line-width associ- 



ated to spin-CT electrons: Y a = J2k=i ^k,o 
(ta k ,x) 2 pkM- Solving Eq. leads to 



with Fk,a = 
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with V = 1 - i7r ff (T T + r x ) + tt 2 (/ 2 - 3 2 )r T r x . To cal- 
culate the superconducting order parameter, we need to 
solve the Dyson-Keldysh equation G + ~ = {I+G R ®W)® 
g H ®{I+W®G A ), where the convolution includes a sum 
over the labels x and a k . Noting X a = (1 — iirgY _ a )/T>, 
Y a = in fY a /D , and using Eq. we obtain the exact ex- 
pression of the Nambu component of the Keldysh Green's 
function: 



{ Pg (X T F T + YpCi) + Ps {X{X i + r x F T ) 

1 T7l 



(3) 



7r 2 ri 



y (a t - 1) 



r 2 rt 



yUx 



1 



where uf(^) is the Fermi distribution, and we used the 
notation p = p g I + pfa x = lm[g A ]/ir. The superconduct- 
ing gap is obtained by imposing the self-consistent equa- 
tion A = U f+™ duj/(2iTr)[G+-(w)] 2 ,i @, with U the 
microscopic attractive interaction. The dominant contri- 
bution arises from the large-|w| behavior and we obtain 
a BCS-type relation: 



A = D exp 
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with D the bandwidth of the superconductor. As an 
example, we consider a coupling to two ferromagnets. 



With a parallel alignment of the magnetization in the 
electrodes, we have Tj = 2-f and T± = 0. With an an- 
tiparallel alignment, we have Y^ = F± = 7. The ratio of 
the two gaps is found to be 



A, 



= exp 
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which shows that the spin polarized environment gener- 
ates a reduction of the superconducting gap that depends 
explicitly on the spin orientation of the environment. The 
transition temperature of the superconductor is larger if 
the electrodes are in an antiparallel alignment. This be- 
havior should be contrasted with another model proposed 
recently |30[. 
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FIG. 1. Schematic representation of the models. In (a): 
the model with a coupling of the superconducting site x to N 
ferromagnetic electrodes. In (b), the model with a coupling 
to two ferromagnetic electrodes. 

As we show now, the gap variation Eq. ^ is due to 
the possibility that superconducting pairs can delocalize 
in the ferromagnetic electrodes having an opposite spin 
orientation. Let us consider the problem with two elec- 
trodes only. The two electrodes are labeled by the Greek 
indices oi\ = a and a-i = /3. We use Eq. || to calculate 
exactly the crossed Keldysh Green's functions: 
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i = i(c£ T c+ ; ) = ■K 2 t a t f} p aAPl3A [G+ x ] 21 (6) 

*( C /3,l C a,T) = 7r 2 ^a^Pa,TP/5,i 1 % , (7) 



with Gir = Gx.x given by Eq. g. The density 

' J 2,1 L 'J 1,2 

of states prefactors in Eqs. f| [?] appear to be a direct con- 
sequence of the Pauli exclusion principle. To show this, 
we consider Eqs. ^| in the limit of fully polarized ferro- 
magnets. In the parallel alignment (p a ,T — Pp,l = F 
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Pa, I = P(3,i = 0), all pair correlations are vanishing: 
(c^c^|) = {cp^Cxx^} = 0. This is fully expected be- 
cause one cannot add or destroy a spin-down electron 
in the presence of a spin-up band only. For the same 
reason, one has (c^jC^) = in the antiparallel align- 
ment {p a ,i = Pp. i — 1) Pa, i = Pp,i = 0). The remain- 
ing non vanishing crossed correlations are {cp ^c a ^) and 
( c 0,l c a \) ■ This shows the possibility to generate super- 
conducting crossed correlations in two ferromagnets with 
an opposite magnetization. To characterize the propa- 
gation of crossed correlations, we calculate the Gorkov 
function Gfj~, with i and j two sites in the ferromag- 
netic electrodes a and (3 such that Xi = —Xj. Assuming 
that the ferromagnetic electrodes behave like a three di- 
mensional metal, we find 
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By comparison, there is a density of states prefactor 
Pa,tPa,i m the focai superconducting correlation in elec- 
trode a. As a consequence, in strongly spin polarized 
ferromagnets, superconducting crossed correlations can 
propagate while ordinary superconducting correlations 
cannot propagate. It is well known that there is an os- 
cillating induced order parameter associated to Cooper 
pair penetration in partially spin polarized ferromag- 
nets |^|. There are no such oscillations in the case of 
crossed correlations because Cooper pairs do not acquire 
a center of mass momentum when entering the ferromag- 
netic electrodes. 
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FIG. 2. Schematic representation of the quantum switch to 
probe correlated pairs of electrons. A current source is con- 
nected to the superconductor. In (a), there is a finite current 
flowing. In (b), there is no current flowing. 

The model can be considered from the point of view 
of propagation of cross-correlated Cooper pairs along do- 
main walls in a multi domain ferromagnet. Such crossed 
correlations can generate an enhancement of the ferro- 
magnetic superconducting proximity effect, which is not 



against recent experiments in ferromagnet / supercon- 

Another proposal based 



ductor heterostructures 13- 

on spin accumulation has been made recently ll(J], but 
appears to be incompatible with some experiments [ pT[ . 
Our scenario and the spin accumulation picture both con- 
tribute to the same effect, but in a different situation: 
crossed correlations can propagate only in multi domain 
ferromagnets, while the spin accumulation mechanism is 
valid even with single domain ferromagnets. 
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FIG. 3. Schematic representation of the three-terminal de- 
vice used to probe linear superposition of Cooper pairs. The 
insert shows the presence/absence of a current flowing into 
the superconductor as a function of the spin orientation in 
the ferromagnetic reservoirs. 

Now we show that superconducting crossed correla- 
tions can be used to produce correlated pairs of electrons. 
Let us consider two ferromagnets a and (3 in contact with 
a superconductor. The cross-correlated degrees of free- 
dom are represented by the Cooper pair-like wave func- 
tion \ip) = uo + vnc^ tct , |0), with uo an d vo the BCS 
coherence factors. Let us consider two additional ferro- 
magnetic electrodes a' and f3' having a spin orientation 
Ti a i and S^/ connected to the electrodes a and (3 (see 
Fig. ||). The electrodes a' and (3' are considered to be 
reservoirs in which all inelastic processes take place. For 
the sake of obtaining the basic physics of such systems, 
we restrict ourselves to fully polarized ferromagnets and 
high transparency contacts |3l). If £ a < =|, £/3' =4, the 
correlated pair can be transmitted into the reservoirs a' 
and j3' and a finite current is flowing into the supercon- 
ductor (see Fig. || (a)). If S a / = Y,p> —I, the spin-up 
electron making the correlated state is backscattered at 
the interface with the spin-down ferromagnet a' . Com- 
ing back onto the superconductor interface it undergoes a 
crossed Andreev reflection Q in which a Cooper is formed 
in the superconductor and a spin-down hole is transferred 
into electrode (3. The whole process does not carry elec- 
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trical charge: there is no current transmitted into the 
superconductor (see Fig. ^ (b)). The "quantum switch" 
device on Fig. || can therefore be used to produce and 
detect correlated pairs of electrons with dc-transport. 

Now we discuss the production of linear superpo- 
sitions in a three-terminal device (see Fig. ||). The 
three ferromagnetic electrodes are labeled by the indices 
Q'i = a, «2 = /3 and 03 = 7. With fully polarized 
ferromagnets having a spin orientation a a = op =], 
<7 7 =1, the exact form of the crossed-correlations is 



given by 
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This means 
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that Cooper pairs can delocalize over several electrodes. 
The corresponding wave function is a linear superpo- 



sition of Cooper pairs 



Xn 



U Q 



|0>. 



The coefficients A 



|0) + 
and Xp 



are such that the Cooper pair wave function contains 
the same pair correlations as the Gorkov function: 
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Xp/X c 



tp/t a , from what we 

t a {/3)/yJtl + t p + 2uo*a*/3- As a di- 
rect consequence of the linear superposition, the current 
flowing into the superconductor is vanishing if E Q / = 
=1 and finite in the three other spin orientations 
(see Fig. |J). Now the linear superposition associated 
to the electrodes magnetization a a =f, op = ct 7 =1 is 



= A' 



Uq 



|o> + a; 
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The current 



VnC +C 



flowing into the superconductor is vanishing in the two 
spin orientations £ a < =|, T,pi —] , { and finite otherwise. 
Therefore, a dc-current measurement can make the dis- 
tinction between the linear superpositions associated to 
the spin orientations a a = op =|, er 7 =\ and a a =|, 
op = cr 7 =1. 

To conclude, we have shown that quasi long range 
superconducting crossed correlations can propagate in 
ferromagnets having an opposite spin orientation. The 
superconducting crossed correlations are much stronger 
than the local ones. Such crossed correlations can prop- 
agate along ferromagnetic domain walls, and contribute 
to an enhancement of the ferromagnetic proximity effect, 
which may apply to recent experiments ]T^T5| . The su- 
perconducting gap depends explicitly on the spin orienta- 
tion of the ferromagnetic electrodes, which could be used 
as an experimental probe of superconducting crossed cor- 
relations. We have shown that crossed correlations can 
be used to produce correlated pairs of electrons and lin- 
ear superpositions of correlated pairs. Such states can in 
principle be detected with dc-transport. The microscopic 
calculation of the current will be the subject of a future 
work. 
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